Abstract. We solve two problems posed by Krapež by finding a basis of seven independent axioms for the variety of rectangular loops. Six of these axioms form a basis for the variety of rectangular quasigroups.
Introduction
A rectangular band is a semigroup B = (B; ·), which is is a direct product B = L ⊕ R of a left zero semigroup L = (L; ·) (that is, a semigroup satisfying x · y = x) and a right zero semigroup R = (R; ·) (that is, a semigroup satisfying x · y = y). A semigroup that is a direct product of a group and a rectangular band is called a rectangular group.
In a series of papers [4, 5, 6, 7] , Krapež has generalized the notion of rectangular group to rectangular quasigroup and rectangular loop. Recall that a quasigroup Q = (Q; ·, \, /) is a set Q with three binary operations ·, \, / : Q × Q → Q satisfying the equations:
x\(x · y) = y (x · y)/y = x x · (x\y) = y (x/y) · y = x A loop is usually defined as a quasigroup with a neutral element 1 ∈ Q satisfying 1 · x = x and x · 1 = x. Loops can also be characterized equationally as quasigroups satisfying the additional axiom x\x = y/y. Basic references for quasigroup and loop theory are [1] , [2] , [3] , [10] . Following Krapež, a rectangular quasigroup is a direct product of a quasigroup and a rectangular band, while a rectangular loop is a direct product of a loop and a rectangular band. Both can be viewed as varieties of algebras with three binary operations ·, \, /. To consider a rectangular band as an algebra with three operations, one simply sets x\y = x/y = x · y. (This is a convention; different choices lead to different axioms.)
In [4] , Krapež found a set of 12 axioms characterizing rectangular loops as algebras M = (M ; ·, \, /). He indicated that he had shown that some of the axioms are independent, but believed that not all of them are. He also posed the problem of finding an independent set of axioms ( [4] , Problem 1, p. 66). In [5] , he found a set of 15 axioms characterizing rectangular quasigroups, and again posed the problem of finding an independent set of axioms. The two axiom systems are quite distinct, that is, none of Krapež's axioms for rectangular quasigroups occur as axioms for rectangular loops.
In this paper, we solve both of the posed problems. We give a system of six axioms and show that this is sufficient to characterize the variety of rectangular quasigroups. We then show that these same six plus one additional axiom characterize the variety of rectangular loops. Finally, we will present models that show that the seven rectangular loop axioms are independent. Here is the statement of our main result. Theorem 1.1.
(1) The equations
are an independent system of axioms for the variety of rectangular quasigroups. As part of the proof of Theorem 1.1, we will also show that eight of Krapež's fifteen axioms are sufficient to characterize rectangular quasigroups.
Our investigations were aided with the automated reasoning tool OTTER and the finite model builder Mace4, both developed by McCune [8, 9] . We also thank A. Krapež for helpful comments on the first draft of this paper.
Proofs
Since every quasigroup and every rectangular band satisfy (Q1)-(Q6), to show that these equations characterize the variety of rectangular quasigroups, it is enough to show that they imply the axioms of Krapež:
Proposition 2.1 ([5]). The following equations axiomatize the variety of rectangular quasigroups: (Q1)-(Q4) and
Proof. Replace y with x in (K14) and use (Q1) to get x\(x · xz) = xz. The other forms of (2.1) follow applying (Q3).
Lemma 2.3. (1) (Q1), (Q3), (K6), (K14) =⇒ (K5), (K8) (2) (Q2), (Q4), (K12), (K15) =⇒ (K10), (K9)
Proof. For (1): By Lemma 2.2, we may use (2.1). In (K6), replace y with x · xy and use (2.1) to get (K5). Next
This is (K8). The proof of (2) is the mirror of that of (1).
Lemma 2.4. (1) (Q4), (K5), (K9) =⇒ (K7) (2) (Q3), (K10), (K8) =⇒ (K11)
Proof. For (1):
by (K9) twice = x\(xz) by (K5) which establishes (K7). The proof of (2) is the mirror of that of (1).
Lemma 2.5. (Q1), (Q3), (K14), (K15) =⇒ (K13).
Proof. By Lemma 2.2, we may use (2.1). We compute
by (K15) and this is (K13).
Combining Proposition 2.1 and the lemmas, we obtain the following.
Theorem 2.6. Krapež's axioms (Q1)-(Q4), (K6), (K12), (K14), (K15) are sufficient to characterize the variety of rectangular quasigroups.
So to complete the characterization part of the proof of Theorem 1.1, we need only the following.
Lemma 2.7.
(
1) (Q1), (Q3), (Q5) =⇒ (K6), (K14). (2) (Q2), (Q4), (Q6) =⇒ (K12), (K15).
Proof. For (1) Take u = xx and apply (Q1) to get (K6). Next,
and this is (K14). The proof of (2) is the mirror of that of (1).
Independence of the Axioms
In this section, we present models that show the independence of axioms (L), (Q1)-(Q6), and this will complete the proof of the Theorem. Note that equation (L) is equivalent to its own mirror, while the other axioms come in mirrored pairs. Thus once we have presented a model satisfying, for instance, all axioms except (Q6), it follows that the same underlying set with the dual operations x ⊙ y := y · x, x\\y := y/x, x//y := y\x will be a model satisfying all axioms except (Q5). Thus it is enough to present four models.
The independence of (L) is obvious, because any nonloop quasigroup satisfies (Q1)-(Q6), but not (L). Table 1 gives a specific example. Table 2 is a model satisfying (L), (Q1), and (Q3)-(Q6), but not (Q2). Table 3 is a model satisfying (L), (Q1)-(Q3), (Q5)-(Q6), but not (Q4). Table 4 is a model satisfying (L), (Q1)-(Q5), but not (Q6).
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